Abstract. K-theory for σ-C*-algebras (countable inverse limits of C*-algebras) has been investigated by N. C. Phillips [K-Theory 3 (1989), 441-478]. We use his representable Ktheory to show that the space of Fredholm modular operators with coefficients in an arbitrary unital σ-C*-algebra A, represents the functor X → RK 0 (C (X, A) ) from the category of countably compactly generated spaces to the category of abelian groups.
introduction
Atiyah and Jänich in the 1960s proved that the space of Fredholm operators on an infinite dimensional complex Hilbert space equipped with the norm topology represents the functor X → K 0 (X; C) from the category of compact Hausdorff spaces to the category of abelian groups. Indeed, they presented different methods in [1, 16] to show that
is an isomorphism, where [X, F ] denotes the set of homotopy classes of continuous maps from the compact Hausdorff space X into the space of Fredholm operators F . After that, Atiyah and Singer [2] proved that the functor X → K 1 (X; C) can be represented by a specific path component of the space of selfadjoint Fredholm operators. Toritsky [36, 20] and Mingo [22] generalized the result of Atiyah and Jänich to the general case where A is an arbitrary unital C*-algebra. In fact, Toritsky and Mingo showed, respectively, the abelian groups K 0 (X; A) and K 0 (C(X, A)) can be realized as the group [X, F (H)] of homotopy classes of continuous maps from the compact Hausdorff space X to the space of Fredholm operators on the standard Hilbert A-module H = l 2 (A).
In general, inverse limits do not commute with fundamental group and K-theory functors, however, we show that the Atiyah-Jänich theorem still holds for countable inverse limits of C*-algebras (or what are now known as σ-C*-algebras). Indeed, if X is a countably compactly generated space and A is an arbitrary σ-C*-algebra, we show that the abelian group RK 0 (C(X, A)) can be realized as the group [X, F (H)] of homotopy classes of continuous maps from X to the space of Fredholm operators on H = l 2 (A). In particular, this
shows that the Grothendieck group of A-vector bundles over X need not be isomorphic to [X, F (H)].
A pro-C*-algebra is a complete Hausdorff complex topological * -algebra A, whose topology is determined by its continuous C*-seminorms in the sense that the net {a i } i∈I converges to 0 if and only if the net {p(a i )} i∈I converges to 0 for every continuous C*-seminorm p on A. These algebras were first introduced by Inoue [15] as a generalization of C*-algebras and studied more by Arveson, Fragoulopoulou, Phillips and Voiculescu with different names like locally C*-algebras and LMC*-algebras in their literature [3, 10, 23, 37] . If the topology of a pro-C*-algebra is determined by only countably many C*-seminorms then we call it a σ-C*-algebra. Such algebras arise naturally in the study of coarse Baum-Connes assembly map [8] and certain aspects of C*-algebras such as tangent algebras of C*-algebras, domain of closed * -derivations on C*-algebras, multipliers of Pedersen's ideal, noncommutative analogues of classical Lie groups, and K-theory. The reader is encouraged to study the publications [7, 23, 24] for useful examples and more detailed information.
Phillips has defined a K-theory for σ-algebras, which is called representable K-theory and denoted by RK. The RK-theory agrees with the usual K-theory of C*-algebras if the input is a C*-algebra and important properties that K-theory satisfies generalize to RK-theory.
He showed that representable K-theory is a representable functor in the sense that there are σ-C*-algebras P and
[A, B] 1 denotes the set of unital homotopy classes of * -homomorphisms from A to B, cf. [25, 26] . KK-theoy of σ-C*-algebras has been studied by Schochet [30, 31] and Weidner [40] and reconsidered recently by Emerson and Meyer [8, 9] and Mahanta [19] . Suppose H is the standard Hilbert module over an arbitrary unital σ-C*-algebra A. Let L(H) be the σ-C*-algebra of bounded adjointable operators on H and K(H) be the σ-C*-algebra of compact operators. We show that any unitary in L(H)/K(H) with trivial class in RK 0 (A) can be lifted to a unitary in L(H). This enables us to prove our main result as follows. Suppose X is a countably compactly generated space, i.e., countable direct limits of compact Hausdorff spaces and C(X, A) is the σ-C*-algebra of all continuous functions from X to A. Then there is an isomorphism from [X, F (H)] to the abelian group RK 0 (C(X, A)), where [X,
denotes the set of homotopy classes of continuous maps from X into the space of Fredholm operators on H equipped with the topology induced by a family of seminorms.
2. representable k-theory and the milnor lim 1 exact sequence
In this section we study inverse system of C*-algebras and Hilbert modules over them and then we recall representable K-theory and the Milnor lim ← − 1 n exact sequence. General definitions and basic facts about inverse systems can be found in the books [5, 17, 10, 33, 38] .
Let A be a pro-C*-algebra and let S(A) denote the set of all continuous C*-seminorms on A. For any p ∈ S(A), ker(p) = {a ∈ A; p(a) = 0} is a two-sided closed * -ideal in A and A p = A/ ker(p) is a C*-algebra. The set S(A) is directed by declaring p ≤ q if and only if p(a) ≤ q(a) for all a ∈ A. Suppose κ p : A → A p is the canonical map, the surjective canonical map π pq : A p → A q is defined by π pq (κ p (a)) = κ q (a) for all a ∈ A and p, q ∈ S(A)
, p≥q is an inverse system of C*-algebras and lim ← −p A p is a pro-C*-algebra which can be identified with A. A pro-C*-algebra A is called a σ-C*-algebra if there is a countable (cofinal) subset S ′ of S(A) which determines that topology of A. Given any σ-C*-algebra A one can find a confinal subset of S(A) which corresponds to N and explicitly write A as a countable inverse limit of C*-algebras, i.e. A ∼ = lim ← −n A n .
Furthermore, the connecting * -homomorphisms of the inverse system {A n ; π n } n∈N can be arranged to be surjective without altering the inverse limit of C*-algebras. For σ-C*-algebras A ∼ = lim ← −n A n and B ∼ = lim ← −n B n , M(A) denotes the multiplier algebra of A and A ⊗ B denotes the the minimal tensor product of A and B. In particular, we have
and A ⊗ B ∼ = lim ← −n A n ⊗ B n . For the general theory of pro-C*-algebra we refer to [4, 10, 23] .
Hilbert modules over σ-C*-algebras are the same as over ordinary C*-algebras, except that inner product, instead of being C*-valued, takes its values in a σ-C*-algebra. A Hilbert module over a σ-C*-algebra A gets its complete topology from the family of seminorms
. Let E be a Hilbert A-module and p n be an arbitrary continuous C*-seminorm on A. Then N E pn = {ξ ∈ E; ξ pn = 0} is a closed submodule of E and E n = E/N E pn is a Hilbert A n -module with the action (ξ + N E pn )κ n (a) = ξa + N E pn and the inner product ξ + N E pn , η + N E pn = κ n ( ξ, η ). Suppose σ n : E → E n is the canonical map, the surjective canonical map ς n : E n+1 → E n is defined by ς n (σ n+1 (ξ)) = σ n (ξ) for all ξ ∈ E.
Then {E n ; A n ; ς n , π n } n∈N is an inverse system of Hilbert C*-modules and lim ← −n E n is a Hilbert A-module which can be identified with E. The set L(E) of all bounded adjointable A-module maps on E becomes a σ-C*-algebra with the topology defined by the family of seminorms
operators on E is a closed two sided * -ideal of L(E). Consider the restriction of (π n ) * to K(E n ), denoted by (π n ) * again, then the family {K(E n ); (π n ) * } n∈N is an inverse system of C*-algebras and lim ← −n K(E n ) can be identified by K(E). Moreover, we have the isomorphism
denoted by ρ and ρ n , respectively. Hilbert modules over pro-C*-algebras have been studied systematically in the book [17] .
Let A be a σ-C*-algebra and E be Hilbert a A-module. We define the set of Fredholm operators and essentially unitary operators on E by
respectively. Indeed, t ∈ L(H) is Fredholm if and only if it has a left generalized inverse as
well as a right generalized inverse mod K(E) i.e., there are s 1 , s 2 ∈ L(E) such that s 1 t = 1 mod K(E) and ts 2 = 1 mod K(E). We can equip the above sets with the topology which is generated by the operator-seminorms · n , and consider them as topological spaces. The following lemma can be deduced from the above definitions and the isomorphism
Lemma 2.1. Suppose t ∈ L(E). Then t is Fredholm if and only if
Fredholm for every n ∈ N. In particular, for every n we have (κ n ) * (F (E)) ⊆ F (E n ) and
is an inverse system of topological spaces and the map Ψ : We assume A to be a unital σ-C*-algebra. The standard Hilbert A-module
A :
with the inner product ξ, η = ∞ k=1 ξ * k η k will be denoted by H or H A . If E is a countably generated Hilbert A-module, then the Hilbert A-modules E ⊕ H and H are isomorphic [ Proof. Suppose u is a unitary element in Q(H) and Qκ n : Q(H) → Q(H n ) is the canonical map. Then for each n, u n = Qκ n (u) is a unitary element in Q(H n ), and so by [22, Proposition
Let L be the C*-algebra of bounded operators on the separable infinite dimensional Hilbert space l 2 (C) and K be its closed two sided * -ideal of compact operators. Suppose A and B are σ-C*-algebras then A⊗B is an essential ideal in both algebras M(A⊗B) and M(A)⊗M(B), and so we may regard M(A)⊗M(B) as a σ-C*-subalgebra of M(A⊗B). In particular, when
A is a unital σ-C*-algebra, A⊗L can be regarded as a σ-C*-subalgebra of L(
The following result follows from [22, Lemma 1.10] and the facts denoted by C(X). A space X = lim − →n X n is a countably compactly generated space if each X n is compact and Hausdorff, i.e., X is a countable direct limit of compact Hausdorff spaces in the category of topological spaces and continuous maps. This is not the same as being σ-compact and compactly generated. A countably compactly generated space is paracompact if it is regular [12] .
If A = lim ← −n A n is a unital σ-C*-algebra and X = lim − →n X n is a countably compactly generated space, then C(X, A) is the algebra of all continuous functions from X to A is a σ-C*-algebra with the topology determined by the family of C*-seminorms f Xn, ιn, pm = sup x∈Xn p m (f • ι n (x)) for canonical morphisms ι n : X n → X and p m ∈ S(A). This topology is equivalent with the topology of uniform convergence on each X n in each continuous C*-seminorm p m . The obvious map from C(X) ⊗ A to C(X, A) is an isomorphism [23, Proposition 3.4] . In addition, we have the natural isomorphisms C(X, A) ∼ = lim ← −n C(X, A n ) and C(X, A) ∼ = lim ← −n C(X n , A). For X locally compact, C 0 (X) is as usual the C*-algebra of continuous complex-valued functions on X which vanish at infinity.
One should be aware that the inverse limit can also be constructed inside the category of C*-algebras; however, the two results will not agree. For instance, if X = lim − →n X n is a countably compactly generated space then C(X) = lim ← −n C(X n ) inside the category of topological * -algebras, while that inside the category of C*-algebras is
where βX is the Stone-Cech compactification of X, see e.g. [24] for more details.
The group of unitary elements of a unital σ-C*-algebra A will be denoted by UA and the path component of the identity in UA will be denoted by U 0 A. In contrast to the case of a C*-algebra, the subgroup U 0 A not only need be open in UA, it need not even be closed [25,
The appropriate K-theory for σ-C*-algebras is representable K-theory, which is denoted by RK, is an extension of the topological K-theory of C*-algebras. Each RK i is a well defined homotopy invariant functor from the category of σ-C*-algebras to the category of abelian groups. If A is a unital C*-algebra, then RK i (A) is naturally isomorphic to the usual K-theory K i (A). One should be aware that RK 0 is quite different with the group made from finitely generated projective modules over A. Stability, Bott periodicity and six term (long) exact sequence for RK-theory and more detailed information about the above facts can be found in [25] . The abelian group RK 0 (A) is isomorphic with the set of homotopy classes in the set of projections p in the unitization K(H ⊕ H) + such that
This enables Phillips to construct σ-C*-algebras P and U nc equipped with the appropriate analog of an H-group structure, such that the natural isomorphisms of abelian groups RK 0 (A) ∼ = [P, A] 1 and RK 1 (A) ∼ = [U nc , A] 1 are fulfilled [26, 28] . Here [A, B] 1 denotes the set of unital homotopy classes of * -homomorphism from A to B.
The direct limit of C*-algebras is always a C*-algebra which implies the continuity of the K-functor with respect to the inductive limit, see e.g., [39] . In contrast to the case of direct limits of C*-algebras, the behavior of K-theory with respect to inverse limits is more complicated.
Example 2.5. Kawamura [18] constructed an inverse system of Cuntz algebras {O n : 2 ≤ n < ∞} with non-surjective connecting maps O n+1 → O n whose inverse limit is * -isomorphic onto O ∞ . The inverse system obtains the following fact:
. is a sequence of CW-complexes and H * is an additive cohomology theory. Milnor [21] first showed that
is an exact sequence where lim ← − 1 n is the derived functor of the inverse limit. We refer the reader to the monographs [35, 38] for details concerning derived functors of the inverse limit.
The above exact sequence, which is known as Milnor lim ← − 1 sequence, has been studied by Cohen [6] , Phillips [25, 27] and Schochet [32, 33] and reconsidered recently by Guentner and
Yu [14] in homotopy and K-theory.
Theorem 2.6. ([25, Theorem 3.2])
Let {A n } n∈N be an inverse system of σ-C*-algebras with surjective maps A n+1 → A n , which can always be arranged, then we have the following Milnor
Gray [13] showed that lim ← − 1 of countable groups is either 0 or is uncountable. Specially, the lim ← − 1 -term in the exact sequence (2.1), even in nice cases, may be non-zero. To see this, just look at the sequence
where each X n is homotopy equivalent to the sphere S 1 and each f n : X n → X n+1 is the standard map of degree p. Here p is a prime number and X n+1 arises from rotating the sphere S 1 around itself p n times. Then lim ← − 1 n K 0 (C(X n )) = Z p /Z which is an uncountable group. In view of the exact sequence (2.1), the Mittag-Leffler condition and the fact that finite abelian groups satisfy the descending chain condition, we have the following result.
Proposition 2.7. Suppose {A n } n∈N is an inverse system of C*-algebras for which the mor-
atiyah-jänich theorem
In this section we reformulate some results of Mingo [22] 
where δ is the index map K 1 (Q(H)) → K 0 (K(H)). We define p = 1 − v * v ∈ K(H) and
Then, by (3.1) there is a compact projection r such that p ⊕ r is equivalent to q ⊕ r and r is orthogonal to p and q. Hence, w ∈ K(H) exists such that w * w = p ⊕ r and ww * = q ⊕ r. The operator v + w is close to a unitary operator, which is actually defined by u := v(1 − r) ⊕ ((q ⊕ vr)w). Since (vr) * (vr) = r(1 − p)r = r and (vr)(vr) * = vrv * , we find u * u = (1 − (p ⊕ r)) ⊕ (w * (q ⊕ r)w) = 1 and uu * = 1. We also have
Suppose H is the standard Hilbert module over an arbitrary unital σ-C*-algebra A. 
is an abelian group and Γ is an isomorphism.
Lemma 3.4. Suppose that A and B are unital σ-C*-algebras and t ∈ KC(H A⊗B ).
Proof. Using Lemma 2.2, there exists a partial isometry v in L(H A⊗B ) such that ρ(t) = ρ(v). and 
In particular, if X is a countably compactly generated space and H = l 2 (A), then the unitary group of XL(H) is path connected.
Proof. Suppose A ∼ = lim ← −n A n and B ∼ = lim ← −n B n . Then for all natural numbers m and n we have
The first part now follows from the Milnor lim ← − 1 n -sequence (2.1) and the second part follows
The second statement of the above lemma can also be deduced from the path connectivity of UL(H), cf. [25, Lemma 1.9].
Proposition 3.6. Let X be a countably compactly generated space and let H be the standard Hilbert module over an arbitrary unital σ-C*-algebra A. Then abelian groups [X, KC(H)] and RK 0 (XA) are isomorphic.
Proof. The inclusion map KC(XH) ∩ XL(H) ֒→ KC(XH) induces the map
Let t ∈ KC(XH) ∩ XL(H) and i * ([t]) = [1] , then the class of ρ(t) in RK 0 (XA) is trivial. A bounded adjointable operator t ∈ L(H) has polar decomposition if and only if t H and t * H are orthogonal direct summands. In particular, t has polar decomposition if t H is
closed. An operator t has the polar decomposition v|t| if and only if its adjoint t * has the polar decomposition v * |t * |, see e.g. [11, 17, 34, 39] .
Lemma 3.7. Let A be a unital σ-C*-algebra and let f be a Fredholm operator on H = l 2 (A).
Then there exists a compact perturbation g of f that can be polar decomposed g = v|g| for a partial isometry v with p = 1 − v * v ∈ K(H) and q = 1 − vv * ∈ K(H).
the canonical map. By Lemma 2.1, the operator f is Fredholm if and only if f n = κ n (f )
is Fredholm for each n. According to [22, Proposition 1.7] , for every n ∈ N, there exist g n ∈ L(H n ), k n ∈ K(H n ) and a partial isometry v n ∈ L(H n ) such that g n = f n + k n and g n = v n |g n |. We define the operators g, v ∈ L(H) and k ∈ K(H) as the coherent sequences (g n ) n , (v n ) n and (k n ) n , respectively. Therefore, v is a partial isometry, g = f + k and g = v|g| by [17, Proposition 3.3.2] . Consequently, we have ρ(v) = ρ(g)ρ(|g|) −1 and
Similarly, we get ρ(v * v) = 1. Then p = 1 − v * v and q = 1 − vv * are compact projections on H, as desired.
If {ψ n } : {G n } → {G ′ n } is a morphism of inverse systems such that each ψ n is an isomorphism, then the maps lim ← −n ψ n : lim
n are isomorphisms by [35, Proposition 7.63] . We use these isomorphisms in the proof of the next result.
Theorem 3.8. Let X be a countably compactly generated space and let H be the standard Hilbert module over an arbitrary unital σ-C*-algebra A. The inclusion i :
In particular, [X, F (H)] is isomorphic to the abelian group RK 0 (XA).
Proof. We first prove the following assertions for a compact Hausdorff space X. we can define f θ = f + θk : X → F (H), which is a homotopy between the maps f and g.
The compact projections p, q ∈ K(XH) onto the kernels of g and g * stratify qg = 0 = gp and pg
The projections p and q via the isomorphism XK(H) ∼ = K(XH) can be identified with continuous maps p, q : X → K(H), which enable us to define a, b : X → F (H) by a := g * g + p and b := gg * + q.
These maps are continuous and satisfy bg = ga = gg * g and ag
For every
x ∈ X, a(x) and b(x) are positive invertible operators. We therefore have b γ g = ga γ and
, for any real number γ. We define the continuous map
Then for every θ ∈ [0, 1] we can define the continuous map
which is a path joining g and w. One can easily check that the map (θ
takes its values in the positive invertible operators for all θ ∈ [0, 1] and so the operators g θ (x) are Fredholm. To see this suppose that s 1 (x) is a left generalized inverse for g(x) then
is a homotopy between the maps f : X → F (H) and ω : X → KC(H), which completes the proof of (H 1 ). We now suppose X = lim − →n X n when each X n is a compact Hausdorff space. Using [ Let A be a unital C*-algebra and let X be a compact Hausdorff space. An A-vector bundle over X is a locally trivial bundle over X whose fibers are finitely generated projective We close the paper with the following problems which are motivated by Theorem 3.8
and Corollary 3.9. Suppose that H is the standard Hilbert module over an arbitrary unital σ-C*-algebra A.
Problem 3.10. Characterize those σ-C*-algebras A for which
is a sequence of maps having homotopy lifting property.
Problem 3.11. Characterize those σ-C*-algebras A for which KC(H) ⊆ F (H) is a deformation retract, that is, there is a map r : F (H) → KC(H) with r i = 1 KC(H) and the map i r is homotopy equivalent to 1 F (H) .
If A is a unital C*-algebra and H = l 2 (A), one can apply functional calculus to show that KC(H) ⊆ F (H) is a deformation retract.
